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Abstract
Let K be a compact subset in Euclidean space Rm; and let EK ðtÞ denote the total amount of
heat in Rm\K at time t; if K is kept at ﬁxed temperature 1 for all tX0; and if Rm\K has initial
temperature 0. For two disjoint compact subsets K1 and K2 we deﬁne the heat exchange
HK1;K2 ðtÞ ¼ EK1ðtÞ þ EK2ðtÞ  EK1,K2ðtÞ: We obtain the leading asymptotic behaviour of
HK1;K2 ðtÞ as t-0 under mild regularity conditions on K1 and K2:
r 2003 Elsevier Inc. All rights reserved.
1. Introduction
Let K be a compact set in Rm; and let u :Rm\K  ½0;NÞ-½0;NÞ be the unique
weak solution of the heat equation
Du ¼ @u
@t
; xARm\K ; t40 ð1Þ
with initial condition
uðx; 0Þ ¼ 0; xARm\K ð2Þ
and with boundary condition
uðx; tÞ ¼ 1; xA@K ; tX0: ð3Þ
Let
EKðtÞ ¼
Z
Rm\K
uðx; tÞ dx: ð4Þ
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Then EKðtÞ represents the total amount of heat in Rm\K at time t; if K is kept at
ﬁxed temperature 1 for all tX0; while Rm\K has initial temperature 0.
In this paper we investigate the reduction of the heat ﬂow from K in the presence
of a second disjoint compact subset. Let K1; K2; be a pair of disjoint compact subsets
in Rm; and deﬁne the heat exchange HK1;K2 : ½0;NÞ-R by
HK1;K2ðtÞ ¼ EK1ðtÞ þ EK2ðtÞ  EK1,K2ðtÞ: ð5Þ
It is well-known [1,2], that if K1; and K2 have C
N smooth boundaries @K1
and @K2; respectively, then there exists coefﬁcients b
ð1Þ
n ; b
ð2Þ
n ; nAN such that for
any NAN
EKiðtÞ ¼
XN
n¼1
bðiÞn t
n=2 þ OðtðNþ1Þ=2Þ; t-0; i ¼ 1; 2: ð6Þ
Since the b
ðiÞ
n are locally computable in terms of the curvature and its derivatives we
have that
EK1,K2ðtÞ ¼
XN
n¼1
X2
i¼1
bðiÞn t
n=2 þ OðtðNþ1Þ=2Þ; t-0: ð7Þ
It follows that for any NAN
HK1;K2ðtÞ ¼ OðtðNþ1Þ=2Þ; t-0: ð8Þ
The main result of this paper is a reﬁnement and generalization of (8)
(Theorem 1). Let Bðx; eÞ denote the closed ball with centre x and radius e; and
denote by CapðKÞ the Newtonian capacity of a compact set K in Rm if mX3: Let jAj
denote the Lebesgue measure of a Borel set A in Rm: We make the following
hypotheses:
(i) If m ¼ 2 then
jK-Bðx; eÞj40; xAK; e40: ð9Þ
(ii) If mX3 then
CapðK-Bðx; eÞÞ40; xAK ; e40: ð10Þ
Theorem 1. Let K1; K2 be disjoint compact subsets in R
m: Suppose that both K1 and K2
satisfy (9) if m ¼ 2 and (10) if mX3: Then
lim
t-0
t log HK1;K2ðtÞ ¼ d2=4; ð11Þ
where
d ¼ minfjx1  x2j : x1A@K1; x2A@K2g: ð12Þ
Moreover, t-HK1;K2ðtÞ is strictly increasing on ½0;NÞ:
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A classical theorem of Spitzer [10] asserts that if K is compact and non-polar then
EKðtÞ ¼ CapðKÞt þ oðtÞ; t-N; ðmX3Þ; ð13Þ
EKðtÞ ¼ 4pt
log t
þ O tðlog tÞ2
 !
; t-N; ðm ¼ 2Þ: ð14Þ
The large time behaviour of HK1;K2ðtÞ can be read-off from (13) and (14) respectively:
HK1;K2ðtÞ ¼ ðCapðK1Þ þ CapðK2Þ  CapðK1,K2ÞÞt
þ oðtÞ; t-N; ðmX3Þ; ð15Þ
HK1;K2ðtÞ ¼
4pt
log t
þ O tðlog tÞ2
 !
; t-N; ðm ¼ 2Þ: ð16Þ
It is straight forward to read-off reﬁnements to (15), (16) from the results in [4,5,10].
The main motivation for proving Theorem 1 came from a conjecture [3] on the
asymptotic behaviour of the heat trace coefﬁcients in the expansion of the heat trace
for a region in Rm: Let O be an open, bounded and connected set in Euclidean space
Rm and let DO denote the Dirichlet Laplacian for O: It is well-known that for
any NAN
traceðetDOÞ ¼ ð4ptÞm=2
XN
j¼0
ajðOÞt j=2 þ OðtðNþ1mÞ=2Þ; t-0; ð17Þ
where the ajðOÞ; j ¼ 0; 1; 2;y are locally computable geometric invariants of O [6,9].
Let cðOÞ denote the length of the shortest closed periodic geodesic in O: It was
conjectured that the behaviour of ajðOÞ; j-N is related to cðOÞ by formulae (4),
(19), (21) in [3]. To see that this cannot hold in general we give two (counter)
examples.
Example 2. Let m ¼ 2; and let
OE ¼ fðx1; x2ÞAR2 : Eojxjo1g; ð18Þ
OrE ¼ fðx1; x2ÞAR2 : jxjo1; jðx1  r; x2Þj4Eg; ð19Þ
where 0oEo1 and 0oro1 E: Since the coefﬁcients ajðOEÞ; ajðOrE Þ are locally
computable invariants we have that
ajðOEÞ ¼ ajðOrE Þ; j ¼ 0; 1; 2;y: ð20Þ
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On the other hand
cðOEÞ ¼ 2ð1 EÞ; cðOrE Þ ¼ 2ð1 E rÞ: ð21Þ
The second example goes back to Example 7.1 in [7].
Example 3. Let m ¼ 2; and let
P˜E ¼ fðx1; x2ÞAR2 : jxjo1; jx2jo1 Eg; ð22Þ
Q˜E ¼ fðx1; x2ÞAR2 : jxjo1; x1o1 E; x2o1 Eg; ð23Þ
where 0oEo1
5
: We smooth out the corners of @P˜E at x2 ¼7ð1 EÞ and of @Q˜E at
x1 ¼ 1 E; x2 ¼ 1 E isometrically to obtain convex open sets PE; QE with CN
boundary. We have that
ajðPEÞ ¼ ajðQEÞ; j ¼ 0; 1; 2;y ð24Þ
and
cðPEÞ ¼ 4ð1 EÞ; cðQEÞ ¼ 2ð2 EÞ: ð25Þ
Since the Weyl series (17) are identical for the pair OE;OrE ; we have that the
difference of the heat traces cancels up to any order OðtNÞ:
traceðetDOrE Þ  traceðetDOE Þ ¼ OðtNÞ; t-0: ð26Þ
Theorem 5 in Section 3 shows that the left-hand side of (26) is strictly positive for all
t sufﬁciently small and that
lim
t-N
t logðtraceðetDOrE Þ  traceðetDOE ÞÞ ¼  1
4
cðOrE Þ2: ð27Þ
While the Weyl series for OrE does not determine cðOrE Þ; comparison of the heat traces
for OrE and OE does determine the shorter of the two closed periodic geodesics. This is
very similar to the result given in Theorem 1.
Similarly one can show that for all t sufﬁciently small
traceðetDQE Þ  traceðetDPE Þ40 ð28Þ
and that
lim
t-0
t logðtraceðetDQE Þ  traceðetDPE ÞÞ ¼  1
4
cðPEÞ2: ð29Þ
Instead of proving (27) for the pair OrE ;OE and (29) for the pair QE; PE respectively,
we prove in Section 3 a comparison result (Theorem 4) for the heat contents of
regions with isometric obstacles. There we also state the analogous result and
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generalization of (27) (Theorem 5) for the heat traces of regions with isometric
obstacles. The proof of Theorem 1 will be given in Section 2.
2. Proof of Theorem 1
Proof. Let ðBðsÞ; sX0;Px; xARmÞ be a Brownian motion associated to the parabolic
operator Dþ @@t: For a closed set K in Rm we deﬁne the ﬁrst hitting time of K by
TK ¼ inffsX0 : BðsÞAKg: ð30Þ
The solution of (1)–(3) is given by
uðx; tÞ ¼ Px½TKpt: ð31Þ
Since K1 and K2 are disjoint we have by (4) and (31)
EK1,K2ðtÞ
¼
Z
Rm
dxPx½TK1,K2pt  jK1,K2j
¼
Z
Rm
dxPx½TK2pt þ
Z
Rm
dxPx½TK1pt 
Z
Rm
dxPx½TK1pt; TK2pt
 jK1,K2j
¼ EK1ðtÞ þ EK2ðtÞ 
Z
Rm
dxPx½TK1pt; TK2pt: ð32Þ
By (5) and (32)
HK1;K2ðtÞ ¼
Z
Rm
dxPx½TK1pt; TK2pt: ð33Þ
Since K1; K2 are non-polar, (33) is strictly increasing on ½0;NÞ: To prove (11) we ﬁrst
obtain an upper bound for HK1;K2ðtÞ: By (33)
HK1;K2ðtÞ ¼
Z
Rm
dxPx½TK1oTK2pt þ
Z
Rm
dxPx½TK2oTK1pt ð34Þ
since the set of Brownian paths for which TK1 ¼ TK2 has Wiener measure zero. By
the strong Markov property
Px½TK1oTK2pt ¼ Ex½1TK1otPBðTK1 Þ½TK2ot  TK1 
p Ex½1TK1otPBðTK1 Þ½TK2ot: ð35Þ
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It follows from Lemma 1.2 on p.2 in [8] that if C is a closed set then
Px½TCptp2Px½jx  BðtÞjXdðx; CÞ; ð36Þ
where dðx; CÞ is the distance from x to C: Putting BðTK1Þ ¼ x and C ¼ K2 we obtain
by (36)
PBðTK1 Þ½TK2otp2ð4ptÞ
m=2
Z
fy : jyjXdg
ejyj
2=ð4tÞ dy: ð37Þ
Hence by (35), (37)
Px½TK1oTK2ptp2Px½TK1otð4ptÞm=2
Z
fy : jyj4dg
ejyj
2=ð4tÞ dy: ð38Þ
Similarly we obtain that
Px½TK2oTK1ptp2Px½TK2otð4ptÞm=2
Z
fy : jyj4dg
ejyj
2=ð4tÞ dy: ð39Þ
Integrating both sides of the inequalities (38), (39) with respect to x over Rm we
obtain by (34)
HK1;K2ðtÞ
p2ðjK1j þ jK2j þ EK1ðtÞ þ EK2ðtÞÞð4ptÞm=2
Z
fy : jyj4dg
ejyj
2=ð4tÞ dy: ð40Þ
Let eAð0; 1Þ be arbitrary. ThenZ
fy : jyj4dg
ejyj
2=ð4tÞ dyp ed2ð1eÞ=ð4tÞ
Z
fy : jyj4dg
eejyj
2=ð4tÞ dy
p ed2ð1eÞ=ð4tÞ
Z
Rm
eejyj
2=ð4tÞ dy
¼ð4pt=eÞm=2ed2ð1eÞ=ð4tÞ: ð41Þ
Let t0 ¼ d2: Since K1; K2 are non-polar, EK1ðtÞ; EK2ðtÞ are strictly increasing on ½0; t0:
Hence by (39), (40) we have for 0otpt0
HK1;K2ðtÞp2ðjK1j þ jK2j þ EK1ðt0Þ þ EK2ðt0ÞÞem=2ed
2ð1eÞ=ð4tÞ: ð42Þ
Hence
lim sup
t-0
t log HK1;K2ðtÞp d2ð1 eÞ=4: ð43Þ
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Since eAð0; 1Þ was arbitrary we obtain
lim sup
t-0
t log HK1;K2ðtÞp d2=4: ð44Þ
This proves the upper bound in (11).
To prove the lower bound we ﬁrst consider the case mX3: Let x1AK1; x2AK2 be
such that jx1  x2j ¼ d: Let eAð0; 1Þ be arbitrary. Then by (34) and the strong
Markov property
HK1;K2ðtÞX
Z
Rm
dxPx½TK1oTK2pt
X
Z
Rm
dxPx½TK1-Bðx1;edÞoTK2pt
X
Z
Rm
dx Ex½1TK1-Bðx1 ;edÞotPBðTK1-Bðx1 ;edÞÞ½TK2ot  TK1-Bðx1;edÞ
X
Z
Rm
dx Ex½1TK1-Bðx1 ;edÞoetPBðTK1-Bðx1 ;edÞÞ½TK2ot  TK1-Bðx1;edÞ
X
Z
Rm
dx Ex½1TK1-Bðx1 ;edÞoetPBðTK1-Bðx1 ;edÞÞ½TK2otð1 eÞ
X
Z
Rm
dx Ex½1TK1-Bðx1 ;edÞoetPBðTK1-Bðx1 ;edÞÞ½TK2-Bðx2;edÞotð1 eÞ: ð45Þ
Deﬁne the last exit time from the compact set K by
LK ¼ supfsX0 : BðsÞAKg: ð46Þ
By the results of Section 2 in Chapter 3 of [8]
Pz½0oLKot ¼
Z
½0;t
ds
Z
K
pðz; y; sÞmK ðdyÞ; ð47Þ
where
pðz; y; sÞ ¼ ð4psÞm=2ejzyj2=ð4sÞ ð48Þ
and where mK is the equilibrium measure for the compact set K : Recall thatZ
mKðdyÞ ¼ CapðKÞ: ð49Þ
For any 0oeo1
2
we have that
Pz½TK2-Bðx2;edÞotð1 eÞXPz½tð1 2eÞoLK2-Bðx2;edÞotð1 eÞ
X
Z
½t2et;tet
ds
Z
pðz; y; sÞmK2-Bðx2;edÞðdyÞ: ð50Þ
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For zABðx1; edÞ; yABðx2; ed) and sA½t  2et; t  et
pðz; y; sÞXð4ptÞm=2ed2ð1þ2eÞ2=ð4tð12eÞÞ: ð51Þ
By (49)–(51) we have for zABðx1; edÞ
Pz½TK2-Bðx2;edÞo tð1 eÞ
X etð4ptÞm=2ed2ð1þ2eÞ2=ð4tð12eÞÞ CapðK2-Bðx2; edÞÞ: ð52Þ
By (45) and (52) we conclude that
HK1;K2ðtÞX
Z
Rm
dxPx½TK1-Bðx1;edÞoet
 etð4ptÞm=2ed2ð1þ2eÞ2=ð4tð12eÞÞCapðK2-Bðx2; edÞÞ: ð53Þ
It remains to ﬁnd a lower bound for the integral in (53). By (46), (47) and Fubini’s
theoremZ
Rm
dxPx½TK1-Bðx1;edÞoetX
Z
Rm
dxPx½LK1-Bðx1;edÞoet
¼
Z
Rm
dx
Z
½0;et
ds
Z
pðx; y; sÞmK1-Bðx1;edÞðdyÞ
¼ etCapðK1-Bðx1; edÞÞ: ð54Þ
Putting (53) and (54) together, we see that
HK1;K2ðtÞX ðetÞ2ð4ptÞm=2
 CapðK1-Bðx1; edÞÞCapðK2-Bðx2; edÞÞed2ð1þ2eÞ
2=ð4tð12eÞÞ: ð55Þ
By the regularity hypotheses in Theorem 1 we have that both capacities in the right
hand side of (55) are strictly positive for any e40: It follows that
lim inf
t-0
t log HK1;K2ðtÞX
d2ð1þ 2eÞ2
4ð1 2eÞ : ð56Þ
Since eAð0; 1
2
Þ was arbitrary we conclude that
lim inf
t-0
t log HK1;K2ðtÞX d2=4: ð57Þ
Theorem 1 follows for mX3 by (44) and (57).
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To complete the proof of Theorem 1 we consider the case m ¼ 2: Let z ¼
BðTK1-Bðx1;edÞÞ in (45). For any 0oEo12 we have that
Pz½TK2-Bðx2;edÞotð1 eÞXPz½Bðtð1 2eÞÞAK2-Bðx2; edÞ
¼ ð4ptÞ1
Z
K2-Bðx2;edÞ
ejzyj
2=ð4tð12eÞÞ dy: ð58Þ
For yAK2-Bðx2; edÞ; jz  yjpdð1þ 2eÞ: Hence the right-hand side of (58) is
bounded from below by
ð4ptÞ1jK2-Bðx2; edÞjed2ð1þ2eÞ
2=ð4tð12eÞÞ: ð59Þ
By (45)
HK1;K2ðtÞ
Xð4ptÞ1jK2-Bðx2; edÞjed2ð1þ2eÞ
2=ð4tð12eÞÞ
Z
R2
dxPx½TK1-Bðx1;edÞoet: ð60Þ
ButZ
R2
dxPx½TK1-Bðx1;edÞoetX
Z
K1-Bðx1;edÞ
Px½TK1-Bðx1;edÞoet dx
X
Z
K1-Bðx1;edÞ
Px½Bðet=2ÞAK1-Bðx1; edÞ dx
¼
Z
K1-Bðx1;edÞ
dx
Z
K1-Bðx1;edÞ
dy ð4ptÞ1ejxyj2=ð2etÞ
X
Z
K1-Bðx1;edÞ
dx
Z
K1-Bðx1;edÞ
dy ð4ptÞ1e2d2e=t
¼ð4ptÞ1jK1-Bðx1; edÞj2e2d2e=t: ð61Þ
By (60) and (61)
HK1;K2ðtÞXð4ptÞ2jK1-Bðx1; edÞj2jK2-Bðx2; edÞjed
2ð1þ2eÞ2=ð4tð12eÞÞ2d2e=t: ð62Þ
Hence
lim inf
t-0
t log HK1;K2ðtÞX d2ð1þ 2eÞ2=ð4ð1 2eÞÞ  2d2e: ð63Þ
Since eAð0; 1=2Þ was arbitrary we conclude that
lim inf
t-0
t log HK1;K2ðtÞX d2=4: ð64Þ
This completes the proof of Theorem 1. &
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3. Heat content for regions with an obstacle
In this section we compare the heat contents of regions D in Rm with compact
isometric obstacles C and C˜; respectively. Let C be a compact subset of an open,
bounded and connected set D in Rm: Let K ¼ ð@DÞ,C; and let u be a solution of
(1)–(3). We deﬁne the heat content of D\C by
QD\CðtÞ ¼
Z
D\C
uðx; tÞ dx: ð65Þ
Let C˜ be a subset of D where C˜ is isometric to C; and put
d ¼ minfjx1  x2j : x1A@D; x2ACg; ð66Þ
d˜ ¼ minfjx1  x2j : x1A@D; x2AC˜g: ð67Þ
Theorem 4. Suppose ðRm\DÞ,C satisfies (9) if m ¼ 2 or (10) if mX3: Suppose that
dod˜: Then for all t sufficiently small
QD\C˜ðtÞ4QD\CðtÞ ð68Þ
and
lim
t-0
t log ðQD\C˜ðtÞ  QD\CðtÞÞ ¼ d2=4: ð69Þ
Proof. We apply Theorem 1 with
K1 ¼ fxARm\D : dðx; DÞp1g; ð70Þ
and K2 ¼ C or K2 ¼ C˜; respectively. Since C and C˜ are isometric we have that
ECðtÞ ¼ EC˜ðtÞ: Hence
EK1,CðtÞ  EK1,C˜ðtÞ ¼ HK1;C˜ðtÞ  HK1;CðtÞ: ð71Þ
Since
EK1,C˜ðtÞ  EK1,CðtÞ ¼ QD\C˜ðtÞ  QD\CðtÞ; ð72Þ
we have that
QD\C˜ðtÞ  QD\CðtÞ ¼ HK1;CðtÞ 1
HK1;C˜ðtÞ
HK1;CðtÞ
 
: ð73Þ
By Theorem 1 we have
lim
t-0
t log
HK1;CðtÞ
HK1;C˜ðtÞ
¼ ðd˜ 2  d˜ 2Þ=4: ð74Þ
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Hence there exists t040 such that for 0otpt0;
HK1;C˜ðtÞ=HK1;CðtÞpeðd
2d˜ 2Þ=8t: ð75Þ
Hence for 0otpt0
1 eðd2d˜ 2Þ=ð8tÞ
 
HK1;CðtÞpQD\C˜ðtÞ  QD\CðtÞpHK1;CðtÞ: ð76Þ
It follows that (68) holds for all 0otpt0: Furthermore, by Theorem 1
lim sup
t-0
t logðQD\C˜ðtÞ  QD\CðtÞÞp lim sup
t-0
t log HK1;CðtÞ ¼ d2=4; ð77Þ
and
lim inf
t-0
t logðQD\C˜ðtÞ  QD\CðtÞÞX lim inf
t-0
t log HK1;CðtÞ
þ lim inf
t-0
t logð1 eðd2d˜ 2Þ=ð8tÞÞ ¼ d2=4: ð78Þ
This completes the proof of Theorem 4. &
It is possible to prove a result analogous to Theorem 4 for the trace of the
Dirichlet heat semigroup. We omit the proof of the following.
Theorem 5. Suppose D; C and C˜ satisfy the conditions of Theorem 4. Then for all t
sufficiently small
0otraceðetDD\C˜ÞotraceðetDD\C ÞoN; ð79Þ
where DD\C ;DD\C˜ are the Dirichlet Laplacians for the open sets D\C; D\C˜; respectively.
Furthermore
lim
t-0
t logðtraceðetDD\C Þ  traceðetDD\C˜ÞÞ ¼ d2: ð80Þ
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